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A QUANTUM DYNAMICS SIMULATION
OF MOLECULAR VIBRATIONS
BY THE PECHUKAS METHOD
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Midori-ku, Yokohama 226, Japan
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A quantum dynamics simulation of vibrations of molecules including transition from state to state is
demonstrated based upon the Pechukas method. The method has been examined to clarify characteristics in
relation to the simulation. It may present a lot of useful information of the vibrational relaxation and
thermal excitation of the molecule.

KEY WORDS: Quantum dynamics, simulation, vibration, pechukas method.

1 INTRODUCTION

The vibrational dynamics of molecules and ions in liquids has been one of the most
interesting areas of physical chemistry, since thermal excitation and relaxation
phenomena are closely related to chemical reactions. For example, recent develop-
ment of ultrafast time resolved spectroscopy has stated to give various information
on vibrational relaxation in liquids [1,2]. In spite of this, however, little is known
about the molecular based microscopic picture of the dynamics.

With regard to computer simulation study on the vibration, the classical equation
of motion has been adopted to simulate ground state dynamics [3]-[9]. However,
this is no more than a rough approximation since the motion of atoms is no doubt
quantized. In particular, the transition of quantum state, i.e. thermal exitation and
vibrational energy transfer cannot be investigated by conventional classical simula-
tion techniques. Vibration of molecules in liquids is, in principle, a problem of the
quantum dynamics of many-particle system. It is hopelessly difficult to solve the time-
dependent Schrédinger equation for the whole system rigorously at least at present.

Recently, we have obtained a numerical solution of time-dependent Schrédinger
equation for the vibration of an ion in a liquid based upon time-dependent one-
particle potential with respect to an intramolecular degree of freedom [10]. The
vibrational potential was evaluated by ab initio calculation assuming a frozen-field
local-mode approximation for the oscillator based upon actual trajectories of
structure of the liquid obtained by classical MD calculation [9,11]. The resultant
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time evolution of expansion coefficient of state vector of vibration by its eigen state
could show pure dephasing as well as a possibility of thermal excitation. However,
this model does not include explicitly a coupling of vibration with environment in
the equation of motion. It is taken into account just through the one-particle poten-
tial. That is, ideally smooth and rapid energy flow was assumed instead of the
vibrational-rotational (V-R) and vibrational-transiational (V-T) energy transfer
through the actual motion of environmental molecules. Motion of the oscillator as
well as the environmental degrees of freedom must be coupled with each other. If the
real time coupling is neglected in the calculation, it may be misleading for the
dynamics of the system of interest.

In the present study, Pechukas method was adopted to obtain a rough under-
standing for the vibrational energy transfer in liquid, i.e. thermal excitation and
radiationless relaxation. The method may reproduce V-R and V-T transfer by just
solving an equation of motion with quantum force originally proposed by Pechukas
[12] and applied, for the first time, to simulate hydrated electron by Rossky’s group
[13,14]. However, the method has two large assumptions. One is that time step At
used in the simuiation is long enough for the quantum system to lose the coherence
with either its initial state and the classical system. Another is that the path integral
to describe the propagation of the system can be represented by just single station-
ary phase path near the classical path without quantum degree of freedom. Rigor-
ously speaking, it might be hard to guarantee these two assumptions since little has
been known about this kind of quantities. In spite of the ambiguity above, we
believe that the Pechukas method is still powerful to describe the equation of
motion of classical degrees of freedom coupled with a quantum system.

In this paper, a calculation of vibrational energy transfer between N,-like mol-
ecule in liquid Ar is reported. After describing equation of motion specialized for the
vibration in Sec. 2, fundamental properties concerning the method and the resultant
motion of the classical system on the transition of vibrational state will be discussed.

2 CALCULATION

According to Pechukas [12], guantum mechanical force f(r(¢)) on classical degree of
freedom r(r) at ¢t = ¢ in contact with quantum system may be calculated as

<ﬂ(t)‘—§;—1 a(1))
r
B3

f(r(t))=Re (M

where |a(t;)> and |B(t,) > are initial and final quantum system states of interest,
respectively, and H the total hamiltonian. |a(t) > and |f(t) > must satisfy forward
and backward time-dependent Schridinger equation with hamiltonian H(t)
(= H(r(t))) starting from |a(t;) > and |B(t;) >, respectively.

(12-6) Lennard-Jones potential was assumed for Ar—Ar and N-N interatomic
interaction. For the former, ¢/k=119.8 K and o= 3.405 A and, for the Iatter,
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¢/k =353 K and o =3.314 A, Lorentz-Beltherot rule being assumed for the cross
term. Harmonic oscillator is also assumed for the intramolecular N—-N interaction.

1
vim,a(x)=§uwé(x—xo)z (2)

where w, = 50 ¢cm ™! ‘instead of experimental 2,300 cm ™' was adopted to increase

transition probability artificially; the experimental population decay time may be
greater than ns [2], which is too long to simulate. The value of equilibrium bond
length in vacuum x, was 1.101 A. Thus, the present oscillator is not N, but I,-like
N,. Reduced hamiltonian for the quantum system h is

2
1
h =§7l +§yw(2,(x —X,)? +Z{DN—Ar(r1*i) + Un-ad?2o )} (3)

where subscripts 1 and 2 of r represent atom 1 and 2 of N, respectively, and i the
i-th Ar molecule. Now, we can approximately rewrite the above hamiltonian as
time-dependent hamiltonian at ¢ =t of the form

21
WD) =+ 30O {x =X (0] + 4 () @

where subscript r implies that the relevant potential parameters are function of the
trajectory of the classical degree of freedom, in other words instantaneous solvation
structure. Schrodinger equation was solved for this time dependent hamiltonian to
obtain |a(t) > and |B(¢) >. Since instantaneous energy eigen state vector |n(t)) is
obtainable at every t algebraically, the equation may be solved almost rigorously
just assuming a little slow change of hamiltonian h(t). This can be done, for example,
for the state vector |a(t) > by solving a coupled differential equation

o a,(1) oH
ak(l)—ngkfk(t—)_‘m(k(t) r n(t)>
x expl:—% t {Ek(tl)_En(tl)}dt,:] &)

where a,(t) is an expansion coefficient of |a(t) > with respect to its eigen vector

In(2)>

|o(2) > =Zan(t)ln(t)>exp[—iihj E,.(t’)dt'] (6)

fo
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In the case of harmonic oscillator system, this differential equation may be simplified
to the form

a()=[Sf()exp{ —idp(t)}F —f(t)exp{ig(1)} F'
—g(t)exp {—2i¢(1)} G + g(t)exp {2ip(1) } G'Ja(t) ™

where
ay(t)
a,(t)
a(t) =| a,(¢) @®)
_juo(r) 2a(t)a(t)
f()= 2,,{ o +a(r)} ©)
0
g(t)—m (10
o(t) = J‘t w(t))dt’ (1
01
0 2
0 3
F= 0 (12)
and
00 2
0 0 /6
0 0 2/3
G= 0 (13)

0
0

In the numerical calculation, excited states up to the n = 10 were taken into account.
Since instantaneous eigen functions were not obtained algebraically in the case of
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the hydrated electron, Rossky’s group approximated the integral of operator over
time by a scalar integration to get a time evolution operator. This might cause some
error. Concerning the forward and backward time evolution of the state vectors, the
present calculation is rigorous within a time step of Pechukas method, being free
from such approximation.

Since the quantum force of Eq. (1) depends upon future system state, trajectory of
the classical degrees of freedom was solved selfconsistently by iteration starting from
the trajectory based upon the rigid rotor model for the oscillator. Time step At of
130 fs was adopted, during which time-dependent Schrodinger equation and con-
ventional classical equation of motion were solved by Runge-Kutta method and
predictor corrector method in NEV ensemble, respectively, with a time step ét = 0.1 fs
and number of particles N = 216. The resultant temperature was about 95 K.

We assumed that the oscillator was initiaily in the first excited state n = 1. Trajec-
tories of classical degrees of freedom were calculated for three cases: (i) at a certain
time, the system was further exited thermally to the second excited state (n=1—-2),
(i) it stayed at the first excited state throughout the time (transitionless process), and
(iii) the system state fell down to the ground state (n = 1 —0). Several trajectories on
the transitions above have been calculated starting with different initial liquid
structures.

3 RESULTS AND DISCUSSION

An example of convergence of one of cartesian coordinates y of center of mass of the
oscillator, which corresponds to a classical degree of freedom, is shown in Figure 1

15.7

156

155

> 154 F no transition
n
153 N
15.2 i 1 1 [
0 25 50 75 100 125
t/fs
Figure 1 Convergence of coordinate y of the oscillator. Time step was 130 fs. - - - - - : initial path;

— ——: the first iteration; -— - —: the second iteration; - --—: the third iteration;, ———: the fourth
iteration.
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-2 0 § | A | |
0 25 50 75 100 125
t/fs
Figure2 Convergence of force f, on the oscillator. Time step was 130 fs. - - - - - : initial path;
—— —: the first iteration, — - —: the second iteration; - --—: the third iteration; : the fourth

iteration. The lines are repeated in the same order for the fifth iteration, the sixth iteration, etc.

for n=1-2, transitionless, and n=1-0 processes. Averaged increment Ay over
the path was ~ 10™* A for the third iteration of the n=1—-0 case and it converged
to ~ 107° A for the sixth iteration. The convergence was more rapid for the transi-
tionless process than this. Compared with the actual translation of the molecule in
this time step ~ 10~! A, the convergence is excellent. Force f , on the oscillator in
Eq. (1) is presented in Figure 2 for the same period. The convergence of the force is
good, too, although the dispersion is greater than that of the position coordinate. It
is also clear that when transitions occur, in other words, when the energy transfer is
large, the convergence becomes considerably slow. In this figure, it is interesting that
the direction of the quantum force is opposite to each other between energy absorb-
ing and releasing processes. On the transition, variation of total energy was at most
about 2 J mol ™!, which is very small compared with the total energy of about 4,400
J mol~'. Energy conservation in the simulation is thus satisfactory. Trajectories of
the position and the force for the transitionless process in Figure 1 and Figure 2,
respectively, are slightly different from those of the rigid rotor, i.e. the initial path.
This clearly means that vibration of molecule has a coupling with translation and
rotation, although the influence on the trajectory is very small.

Time evolution of squared absolute values of expansion coefficients |a,|?,|a,
and |a,|? are presented in Figure 3 for the forward propagation of |a(t)> over the
same period as in Figures 1 and 2. Each value represents the probability that the
system is found in the relevant eigen state at ¢t =1. As clearly seen in the figure, the
plot shows plateaus; |a,|*> was almost unity for the first 40 fs, then it became to
decrease, and after about 60 fs of interaction time it seems to reach a stationary
value. The plots of |a,|? and |a,|* show the same character except that they started
from zero probability and reached non zero stationary values. Considering the

|2
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0 L L= =7 L

0 25 50 75 100 125

Figure 3 Time evolution of probability that the system is found in the eigen states. The system was
initially in the first excited staten=1.--—-: n=0; tn=1, —-—:n=2,

rather small transition frequency of the oscillator in the present study, the time step
At =130 fs might be too short for the system to lose coherence with its initial state
and with the classical system. However, it is interesting to see that the probabilities
seem to reach the stationary values in this time step, although the decoherence
between the quantum system and classical system is still unknown.

A long time trajectory of the classical degree of freedom y is presented in Figure 4
for the transitionless process and the n=1-0 one. Trajectory assuming a rigid
rotor for N, is also plotted in the figure. The system was set to make a transition
n=1-0 from t = 1.34 ps to 1.47 ps. First, the trajectory of y for the transitionless
process is almost the same as that of the rigid rotor within the simulation period.
This means that the translational degree of freedom does not depend much upon the
vibrational degree of freedom. However, a small difference is certainly found. This
may be related to an isotope effect on the structure of liquid in the meaning that the
translation has a small but non zero correlation with the vibration which posseses a
large isotope effect. Second, when the oscillator fell down to the ground state, a
dissipation of quantum energy to the classical system was observed. The coordinate
shows different trajectory from that of the transitionless process; the system escaped
from a local potential well in a few periods of the libration after it gained the energy
from the quantum system, transferring to other quenched structure of the liquid.

One of the rotational degree of freedom of the oscillator, i.e. one of the quater-
nion, is plotted in Figure 5. Fundamental features stated above are clearly found in
this figure, too. The influence of the energy transfer is greater in the rotation than in
the translation.

The energy transfer may be examined by kinetic energy of the classical degree of
freedom better than by the relevant coordinate. The kinetic energy with respect to
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Figure4 Long time trajectory of position coordinate y of the oscillator. The system was set to make a
—-—:n=1-0.

transition from ¢ = 1.34 ps to 1.47 ps.

. no transition;

----- : rigid rotor;

1.0

0.5}

transition 7
 Of
o5+ 1\
-1.0 el 'l 1 1 L
0 1 2 3 4 5
t/ps

Figure 5 Long time trajectory of one of the quaternion of the oscillator. The system was set to make a
----- : rigid rotor; : no transition; —-—: n=1-0.

transition from ¢t = 1.34 ps to 1.47 ps.

translation and rotation are plotted in Figure 6 and Figure 7, respectively. Figure 8
also presents the potential energy of the oscillator. Although the amount of energy
transferred from the vibration to the classical system was as small as about 600
J mol ™!, the dissipation to the surrounding solvents are clearly found. Amplitude of
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t/ps

Figure 6 Kinetic energy of translation of the oscillator in K. The system was set to make a transition

fromt=134psto 147 ps.----- : rigid rotor;

800

: no transition, —-—: n=1-0.

600 |-

transition |
A, ,,ﬁ‘
\

_——
-
-
e,

t/ps

Figure 7 Kinetic energy of rotation of the oscillator in K. The system was set to make a transition from

t=134psto 147 ps.----- : rigid rotor; ' no transition; —-—: n=1-0.

oscillation of the kinetic energy caused by the libration became considerably greater
after the transition than the case of the transitionless process. The phases of the
oscillation of the kinetic energies deviate from those of the transitionless process
about 0.5 ps after the transition. Furthermore, it is interesting that the potential or
solvation energy of the oscillator increased just after the transition and merged into
the trajectory of the transitionless process.
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_20 —

_40 -

Es/Jmol™

-60 P

transition \]

-80 - i

-100 1 I L i
0 1 2 3 4 5

t/ps

Figure 8 Solvation energy of the oscillator. The system was set to make a transition from ¢ = 1.34 ps to
147ps.----- : rigid rotor;, ————: no transition; —-—: n=1-0.

25
20
Bysl
"'ES 15 y'”'\ ."\.,"\ l"\\\
Grof YN
transition A
05 e NI
O 1 | I i i |
0] 1 2 3 4 5

t/ps

Figure 9 Vibrational energy of the oscillator. The value was estimated for the rigid rotor, too, in the
same way as the other two assuming a harmonic oscillator. The system was set to make a transition from
t=134psto147ps.----- . rigid rotor; ! no transition;, —-—: n=1-0.

Figure 9 shows vibrational energy of the oscillator. After the n=1-0 transition,
the value becomes small as expected. It is interesting, however, that the fluctuation
of the energy looks smaller for the ground state than for the first excited state even if
the fact that the energy of the first excited state is three times as sensitive to the
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fluctuation of potential parameter as the ground state is taken into account. This
kind of fluctuation is one of the origin of broadening of vibrational spectrum in
liquids. The difference in the magnitude of the fluctuation might result in a difference
of band width between, for example, n =0-— 1 transition and n=1—- 2 transition.

4 CONCLUSION

A quantum dynamic simulation of vibration of molecules including transitions has
been demonstrated based upon Pechukas method. It may present various useful
information of the vibrational relaxation and thermal excitation of the molecule in
liquid. Application of the method to more realistic systems is straightforward.
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